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Introduction 
In this paper compactness and countable compactness are expressed 
in terms of base axioms for open sets containing closed sets. In a previous 
paper, the author [2] showed that a perfectly normal T1 space with a 
finite number of isolated points is countably compact iff it satisfies Dt. 
Definition I. A Topological space (X,$") satisfies Dt if every closed 
set has a countable base for the open sets containing it. A family {Ga} of 
open sets is a base (strong base) for the open sets containing a set M if M C Ga 
for each a and such that if Vis open, M C V, then there exists a such that 
Ga C V(Ga C V). 
In this paper we will use the following additional definitions. 
Definition 2. A family of open sets {Ga} is a subbase (strong subbase) 
for the open sets containing a set M if the family of finite intersections of 
members of {Ga} is a base (strong base) for the open sets containing M. 
Definition 3. A family of open sets {Ga} is a quasibase for the open 
sets containing a set M if M = n Ga = n Ga. 
The above theorem about countable compactness will be modified to 
show that a perfectly normal T1 space is countably compact iff each 
countable quasibase for the open sets containing an arbitrary closed set 
is a subbase. Furthermore it will be shown that a Ta space is compact 
iff each quasibase for the open sets containing an arbitrary closed set 
is a subbase. However even the existence of one point in a Ta space such 
that each quasibase for the open sets containing the point is a subbase 
is sufficient for compactness. Throughout these theorems subbase may be 
replaced by strong subbase. The last section will be concerned with a 
theorem about D2 spaces introduced in [2]. 
In general the notation of KELLEY [3] will be used. The use of a as 
a subscript indicates that a E A an arbitrary index set. ""'M or M* will 
be used to indicate M complement in order to simplify notation. 
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Compactness 
Theorem l. In a topological space (a)--+ (b)--+ (c) and in a Ta space 
(c)--+ (a), where (a), (b) and (c) are as follows: 
(a) (X, 9"") is compact. 
(b) Each quasibase for the open sets containing an arbitrary closed set 
1's a subbase for these open sets. 
(c) There exists x E X, say Xo such that every quasibase for the open 
sets containing Xo is a subbase, for these open sets. 
Proof. (a)--+ (b). Let F be closed. Let {Ua} be a quasibase for the 
open sets containing F. Let G be an open set such that G :J F. {Ua*} is 
an open cover of G*, with a finite subcover, f\*, V2*, ... Vn*· {Vk} is a 
subfamily of {Ua} and 11 Vk CG; also 11 Vk CG so subbase may be re-
placed by strong subbase in the theorem. (b)--+ (c) is immediate. (c)--+ (a) 
in Ta spaces. Let {Ua} be an arbitrary open cover of (X, 9""). Let U0 be 
a member of {Ua} such that Xo E Uo. Let Va= Ua ~ [xo]. For y EVa, 
there exists open Way such that y E Way and Way C V a· { ~ Way} is a 
quasibase for the open sets containing Xo and hence by (c) is a subbase. 
Hence there is a subfamily T1, T2, ... Tn of {Way} such that II Tk• C Uo. 
So {Tk} is a finite cover of Uo*. Since each Tk C Va= Ua for some a, there 
is a finite subfamily of {Ua} that covers X. 
That (c)-/--+ (a) in general is shown by the following example. 
Example l. Let X be the real and let the non-trivial open sets be 
of the form x>a for every a EX. (b) is satisfied, yet (X, 9"") is not compact. 
A theorem of ALEXANDROFF [l ], a compact T2 space such that every 
point is a G, satisfies the first axiom of countability, follows from this 
theorem. 
Countable Compactness 
Analogous to theorem l, we have the following theorem about countable 
compact spaces. 
Theorem 2. In a topological space (X, 9"") (a)--+ (b)--+ (c) and in a 
perfectly normal T1 space (c)--+ (a) where (a), (b) and (c) are as follows: 
(a) !X, 9"") is countably compact. 
(b) Each countable quasibase for the open sets containing an arbitrary 
closed set is a subbase, for these open sets. 
(c) There exists x EX, say x0 such that every countable quasibase for 
the open sets containing xo is a subbase for these open sets. 
Proof. (a)--+ (b)--+ (c) is similar to the corresponding parts in theo-
rem l. (c)--+ (a). Let {Uk} be a countable cover of X. There exists Uo E {Uk} 
such that Xo E Uo. Set Vk= uk ~ [xo]. Each vk is an Fa·i.e. Vk= u Fki 
where Fu is closed. By the normality property, there exists open Gki such 
108 
thatFkiCGkiCGkiCUn.LetWki= ,......,(jki·[xo]= n nwki= n nWki· 
k i k i 
So {Wki} is a countable quasibase for the open sets containing x0 and is 
hence a subbase for them. Hence a finite number of Gki covers U0* and 
hence also a finite number of V k covers U 0 *. Consequently a finite num her 
of Uk covers X. 
A remark on D2 spaces. 
In a previous paper [2], it was shown that a Ta space is compact and 
metrizable iff it satisfies D2. 
Definition 4. A topological space (X, .r) satisfies D2 if it has a 
countable base {U n} such that each closed set has a base for the open sets 
containing it which is a subfamily of {U n}· 
We will show that countable base may be replaced by point-countable 
base in the definition. 
Theorem 3. For a Ta space (X, .r), the following are equivalent. 
(a) (X, .r) satisfies D2. 
(b) (X, .r) has a point-countable base {Ua} such that each closed set has 
a base for the open sets containing it which is a subfamily of {U a}. 
(c) (X, .r) is compact and metrizable. 
Proof. (a)--+ (b) is immediate. (b)--+ (a). For a closed set F, there 
is a subfamily of {U a} which is a base for the open sets containing F. 
This base is countable, since {Ua} is point-countable. Hence (X, .r) is D1 
and hence metrizable; (X, .r) is then the union of a compact set M and 
isolated points. Let F be a denumerable infinite closed set such F n M = 0. 
Let x E F; every subset of F containing x must be a member of {Ua} 
contrary to {Ua} being point-countable. Hence (X, .r) is compact and 
by a theorem of MrscENKO [4], {Ua} is countable. In [2], the equivalence 
of (a) and (c) was shown. 
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